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ABSTRACT 
In order to explain pump depletion in Stimulated Brillouin scattering (SBS), coupled intensity equations describing the interaction of 
pump and stokes waves in Brillouin medium, must be solved simultaneously. Since this problem has well-defined boundary 
conditions, such a mathematical problem is known as the two-point boundary value problem. Conventional solution techniques leads 
transcendental equation which results implicit solution. In this paper, we accurately define Pump and Stokes evolution in lossless 
medium in terms of conserved quantity and proposed the solution of this conserved quantity using the asymptotic theory. Regarding 
with the saturation region, the gain approximation of Brillouin Fiber Amplifier (BFA) for the lossless medium, is introduced for the 
first time to our best of knowledge. 
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1. INTRODUCTION 
Stimulated Brillouin scattering (SBS) is the most efficient nonlinear amplification mechanism in optical fibers, in which a large gain 
may be obtained under the pump power of several milliwatts1. This has led to the design of (BFA) and has been implemented in a 
wide range of applications, such as an active filter due to its narrowband amplification feature2 or in the control of pulse propagation in 
optical fibers3. The BFA can also be used to measure strain and temperature4  which has led to the design of distributed Brillouin 
sensors (DBS). In these type of sensors, strain and temperature can be measured along the whole fiber length5. In the BFA 
configuration, SBS can be used for efficient narrow band amplification when the Stokes wave is input from the rear (opposite to the 
pump) end of the fiber. Interaction between the pump and the Stokes wave due to SBS is described by a system of ordinary 
differential equations (ODEs)6. The system of ODEs for BFAs has well-defined boundary conditions: Pp(0)= P0 and PS (L)= PStokes. 
Such a mathematical problem is known as the two-point boundary value problem. Since the boundary value of the Pp (L) and/or Ps(0) 
, with L being the fiber length, is undetermined, such systems of non- linear ODEs is typically addressed numerically. The exact 
analytical solution to the system of ODEs is known only for lossless media7, with the exception of an analytical solution of integration 
constant C. However, obtained expression is a transcendental equation giving the unknown quantity PS (0)/PP(0) in terms of the 
known quantities PP (0) and PS (L). In this paper, we focus on the derivation of the pump and stokes evolution equations depending on 
the conserved quantity C and proposed the solution of this conserved quantity using  asymptotic theory8. The solution of conserved 
quantity is used for the derivation of analytical solution of Brillouin Amplifier Equations in a lossy medium. 
2. THEORETICAL MODEL 
The coupled ODEs for the evolution of the intensities of pump IP and Stokes IS in a lossless medium can be written as, 
                                                                               
 
dI p / dz = −gBI pIs
dIs / dz = −gBI pIs
                                                           (1) 
here 0 ≤ z ≤ L is the propagation distance along the optical fiber of the total length L, gB is the Brillouin gain coefficient. Note that, here 
we assume a Stokes wave launched from the rear end of the fiber. Then the known values of the input pump intensity IP (0)= IP 0 and 
the input Stokes intensity IS (L) = IS L are the boundary values.  The geometry of an SBS amplifier is shown in figure 1. 
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     Figure 1.  Geometry of an SBS amplifier. 
 
The solution of  (1) is derived in Ref. [9], which leads to the solution of, 
                                             
I p z( ) = cI p0 ⋅ I p0 + c − I p0( )exp −cgBz( )⎡⎣ ⎤⎦
−1
Is z( ) = c I p0 − c1( ) ⋅ I p0 exp cgBz( ) + c − I p0( )⎡⎣ ⎤⎦
−1
                                                   (2) 
where I p (z) = Is (z)+ I p0 − Is0 and  c = I p (z)− Is (z) = I p0 − Is0  is the conserved quantity.                           (3) 
To explicitly find the value of parameter  c  
we approximately solve the equation: 
                                              
 
IsL = c I p0 − c( ) ⋅ I p0 exp cgBL( ) + c − I p0( )⎡⎣ ⎤⎦
−1
                                                          (4) 
using boundary condition  IsL . Within the paper, we will show two different solutions to the  c  depending on the High Gain Region 
 (c1)  and Saturation region  (c2 ) . 
3. SOLUTION 
3.1  Solution of c for High-Gain Region  
In this region, let the solution of  c = c1 , 
 
IsL =
c1 I p0 − c1( )
I p0 exp c1gBL( ) + c1 − I p0( )⎡⎣ ⎤⎦
                                                                                                                        (5) 
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Let ε = IsL I p0 , κ = gBI p0L ,  c0 = c1 I p0 , 
 
ε =
c0 1− c0( )
ec0κ − 1− c0( )
                                                                                                                                                           (7) 
Denote  y = c0κ  and rewrite (7) as 
 
ey − 1− y
κ
⎛
⎝⎜
⎞
⎠⎟
y 1− y
κ
⎛
⎝⎜
⎞
⎠⎟
= 1
εκ
                                                                                                                                                         (8) 
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We look for the solution of (13) in the form :   
y = Λ 1+ξ( )                                                                                                                                                                    (14) 
where  ξ ≪1 . Next, substitute (14) in (13) :   
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Following the asymptotic theory, we discard terms linear in ξ (using series expansion of the ln function) and obtain, 
Λξ + ln 1− 1eΛ
⎛
⎝⎜
⎞
⎠⎟ + ln 1+
Λ
κ eΛ −1( )
⎛
⎝
⎜
⎞
⎠
⎟ − lnΛ− ln 1−
Λ
κ
⎛
⎝⎜
⎞
⎠⎟ = 0         which results in, (17) 
ξ ≈ 1
Λ
ln
Λ 1− Λ
κ
⎛
⎝⎜
⎞
⎠⎟
1− 1eΛ
⎛
⎝⎜
⎞
⎠⎟ 1+
Λ
κ eΛ −1( )
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
⎟
                       Finally, (18) 
y = c0κ = Λ + Λξ = Λ + ln
Λ 1− Λ
κ
⎛
⎝⎜
⎞
⎠⎟
1− 1eΛ
⎛
⎝⎜
⎞
⎠⎟ 1+
Λ
κ eΛ −1( )
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
⎟
                                                                                  (19) 
c0 ≈
1
κ
Λ + ln
Λ 1− Λ
κ
⎛
⎝⎜
⎞
⎠⎟
1− 1eΛ
⎛
⎝⎜
⎞
⎠⎟ 1+
Λ
κ eΛ −1( )
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
⎟
⎛
⎝
⎜
⎜
⎜
⎜
⎜
⎞
⎠
⎟
⎟
⎟
⎟
⎟
                                                                                                     (20) 
c1 ≈
1
κ
Λ + ln Λ 1− Λ
κ
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
− ln 1− 1eΛ
⎛
⎝⎜
⎞
⎠⎟ − ln 1+
Λ
κ eΛ −1( )
⎛
⎝
⎜
⎞
⎠
⎟
⎛
⎝
⎜
⎞
⎠
⎟ I p0                                                              (21) 
whereε = IsL I p0 , κ = gBI p0L ,Λ = − ln εκ( )  . 
 
In figure 2, the comparison of  analytical solution of (20) with the real solution of (7) is plotted. As can be seen from the figure 2, when 
the ε decreases, the accuracy of c0 increases. 
 
	
 
     Figure 2. The comparison of (20) with the real solution of (7).  Aeff = 80µm2, gB=1.091x10-11. 
 
 
 
 
 
 
3.2  Solution of c for Saturation Region  
It can be shown that in saturation region  Λ < 0 and  
I p0 − c2 ! I p0 . The exchange of the powers show high nonlinearity.  In this 
region, let the solution of  c = c2 . In this case, the solution of (5) can be analytically defined as, 
 
IsL =
c2 I p0 − c2( )
I p0 exp c2gBL( )− I p0 − c2( )⎡⎣ ⎤⎦
=
c2
I p 0
I p 0−c2
exp c2gBL( )− 0.99⎡⎣⎢
⎤
⎦⎥
≈
c2
exp c2gBL( )− 0.99⎡⎣ ⎤⎦
  (22) 
 
The solution of (22) is10: 
 
c2 ! −0.99IsL −
1
gBL
LambertW −IsLgBL ⋅e−0.99 IsLgBL( )                                                                                        (23) 
where LambertW is a function which satisfies LambertW(x) exp (Lambert W(x) ) = x.   
 
4. EXPERIMENTAL 
In order to show the validity of the (21), we have used the modified experimental setup of Ref. [6]. In our experimental setup (Fig. 3), 
similar to Ref. [9], a tunable laser with λp=1549.5 nm was used together with an erbium-doped fiber amplifier (OA) to generate up to 
80 mW of pump power. Stokes and pump sources are erbium-doped fiber lasers, whose linewidths are smaller than 100 kHz. Their 
frequency difference is controlled with a phase-locked loop and is locked to the Brillouin frequency, νB, of the standard single-mode 
optical fiber under test. Power meters were used to monitor the input pump power PP0 , the transmitted pump power PpL, the launched 
Stokes power PsL, and the amplified Stokes power Ps0. To keep the attenuation low as possible, 2 km fiber length was experimentally 
studied.  
	
 
     Figure 3. Experimental setup for BFA measurements: MZM, Mach–Zehnder modulator; PM, Powermeter; VOA, variable optical 
attenuator; OA(EDFA), optical amplifier; FBG, fiber Bragg grating used to select the upper modulation sideband as a Stokes signal.  
 
The experimental results are plotted in figure 4 together with theoretical predictions. We find a high level of agreement for the 
transmitted pump for all input pump levels above critical pump power (Fig. 4(a)). As for the amplifier gain GBFA, we find an excellent 
agreement between predictions from our analytical formula of gain computed with (21) and the measured gain (Fig. 4(b)). We note 
that (21) is applicable only when the pump power exceeds the  critical value, 
 
Pp0 > Pcr ≈ Λ +
Aeff
0.00095×gBL
Λ( ) .  
 
 
 
Figure 4. (a) Transmitted pump power Pp(L) and (b) BFA gain GBFA versus the input pump power Pp(0) in the High Gain Region. 
Dashed Blue, experimental data; thick red solid curves, predictions of the Pp(L) using analytical formula (21). L=2 km, PSL =0.1 mW, 
Aeff = 80µm2, gB=1.091x10-11. 
  
In figure 5, comparison of the (23) with the numerical solution using root finding algorithm10 is plotted.  It can be concluded from the 
figures 5a&5b, (23) is valid when Λ<0. In figure 6, BFA gain (GBFA) versus the input pump power Pp(0) in the High Gain Region is 
shown.  From the figure 6, we find a high level of agreement between predictions from our analytical formula of gain computed with 
(23) and the measured gain. It can be concluded that for the same specific length, agreement between the gain of BFA with the 
measurement is better if the input pump power increases. 
 
            
Figure 5.  (a) The comparison of (23) with the real solution with using root finding algorithm. (b) The variation Λ with fiber length. 
Aeff = 80µm2, gB=1.091x10-11 
 
 Figure 6. BFA gain GBFA versus the input pump power Pp(0) in the High Gain Region. Dashed Blue, experimental data; thick red solid 
curves, predictions of the Pp(L) using analytical formula (23). L=2 km km, PSL=6 mW, Aeff = 80µm2, gB=1.091x10-11. 
 
In Table 1, the usage of the equations described so far is briefly listed. The relation (21) is valid in the high-gain region where the 
pump power should be more than the Pcr. The relation (23) is valid in the saturation region where Λ<0. 
 
 
Table 1, Brief usage of the Equations. 
Criteria Region Equation 
 
Pp0 > Pcr ≈ Λ +
Aeff
0.00095×gBL
Λ( )
 
High-Gain 
Region (21) 
Λ < 0   Saturation Region (23) 
 
5. CONCLUSION 
We have presented an approximate analytical solutions to the system of SBS equations in a lossless medium in two different regimes, 
namely, high gain and saturation regions. The limits of the three separation conditions are determined and the respective BFA gain to 
these regions are accurately defined. Especially, for the lossless medium, the gain approximation of BFA for the saturation region, is 
introduced for the first time to our best of knowledge. The results obtained can be practically used to optimize performance of 
Brillouin fiber amplifiers where the medium loss is negligible. And, the results can also be used in sensing applications which 
especially employs the high-gain region and fiber lengths less than 2km. 
 
 
 
 
 
REFERENCES 
 
[1]  N. A. Olsson and J. P. Van der Ziel, “Cancellation of fiber loss by semiconductor laser pumped Brillouin amplification at 1.5 µm,” 
Appl. Phys. Lett. 48, 1329–1330 (1986).  
[2]  R. W. Tkach, A. R. Chraplyvy, and R. M. Derosier, “Performance of a WDM network based on stimulated Brillouin scattering,” 
IEEE Photon. Technol. Lett. 1, 111–113 (1989).  
[3] Kwang Yong Song, Miguel González Herráez, and Luc Thévenaz, "Observation of pulse delaying and advancement in optical 
fibers using stimulated Brillouin scattering," Opt. Express 13, 82-88 (2005).  
[4]  D. Culverhouse, F. Frahi, C. N. Pannell, and D. A. Jackson, “Potential of stimulated Brillouin scattering as sensing mechanism for 
distributed temperature sensor,” Electron. Lett. 25, 913–915 (1989).  
[5]  F. S. Gokhan, “Moderate-gain Brillouin amplification: an analytical solution below pump threshold,” Opt. Commun. 284, 4869–
4873 (2011).  
[6]  A. Kobyakov, M. Sauer, and D. Chowdhury, “Stimulated Brillouin scattering in optical fibers,” Adv. Opt. Photon. 2, 1–59 (2010).  
[7]  R. W. Boyd, [Nonlinear Optics], Academic, New York, 442-443 (2007). 
[8]  Daniel Richardson, Bruno Salvy, John Shackell, Joris Van Der Hoeven. “Asymptotic Expansions of exp-log Functions.” 
[Research Report] RR-2859, INRIA. (1996) 
 [9] Fikri Serdar Gökhan, Hasan Göktaş, and Volker J. Sorger, "Analytical approach of Brillouin amplification over threshold," Appl. 
Opt. 57, 607-611 (2018). 
[10] “Maple (18). Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.” 
